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Abstract 

This paper establishes endpoint L p — L q and Sobolev mapping proper- 
ties of Radon-like operators which satisfy a homogeneity condition (similar 
to semiquasihomogeneity) and a condition on the rank of a matrix related 
to rotational curvature. For highly degenerate operators, the rank condi- 
tion is generically satisfied for algebraic reasons, similar to an observation 
of Greenleaf, Pramanik, and Tang .5 concerning oscillatory integral op- 
erators. 

The purpose of this paper is to establish endpoint L v -L q and Sobolev in- 
equalities for a broad class of highly degenerate Radon- like averaging operators. 
The literature relating to this goal is both broad and deep, including but not 
limited to the works of Bak, Oberlin, and Seeger pQ; Cuccagna [3j; Greenblatt 
(3; Greenleaf and Seeger [6], [7]; Lee [8], [9]; Phong and Stein [H]; Phong, 
Stein, and Sturm [13]; Pramanik and Yang [14]; Rychkov [15]; Seeger [16]; and 
Tao and Wright |19) . This literature provides a comprehensive theory of Radon 
transforms in the plane (optimal L p -L q and Sobolev bounds were established by 
Seeger [16] and others). Tao and Wright [19] have also established sharp (up to 
e loss) L p -L q inequalities for completely general averaging operators over curves 
in any dimension. 

In the remaining cases, though, little has been proved regarding optimal 
inequalities for Radon-like operators. Among the reasons for this is that the 
rotational curvature (in the sense of Phong and Stein [TU], [TT]) is essentially 
controlled by a scalar quantity for averaging operators in the plane, but is 
governed in higer dimensions (and higher codimcnsion) by a matrix condition 
which is increasingly difficult to deal with using standard tools. While it is 
generally impossible for rotational curvature to be nonvanishing in this case, 
the corresponding matrix can be expected to have nontrivial rank. Under this 
assumption, works along the lines of Cuccagna [3] and Greenleaf, Pramanik, 
and Tang [5] have been able to use this weaker information as a replacement 
for nonvanishing rotational curvature. In particular, Greenleaf, Pramanik, and 
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Tang showed that optimal L 2 -decay inequalities for "generic" oscillatory inte- 
gral operators can be established in the highly degenerate case with only the 
knowledge that the corresponding matrix quantity has rank one or higher at 
every point away from the origin. The purpose of this paper, then, is to explore 
and extend this phenomenon as it can be applied to the setting of Radon-like 
operators. 

Fix positive integers n' and n", and let S be a smooth mapping into R n 
which is defined on a neighborhood of the origin in R™ x fi" x 1™ . The purpose 
of this paper is to prove a range of sharp L p — L q and Sobolev inequalities for 
the Radon-like operator defined by 

T/ Or', x") := J f{y\ x" + Six', x", y'))i>{x' , x" , y')dy\ (1) 

where x',y' S R™ and x" G R™ (n' represents the dimension of the manifolds 
over which / is averaged, and n" represents the codimension). When no confu- 
sion arises, the variable x will stand for the pair (x', x"), and n will refer to the 
sum n' + n" . 

The assumption to be made on S is that it exhibits a sort of approximate ho- 
mogeneity (aka semiquasihomogeneity) . The notation to be used to describe this 
scaling will be as follows: given any multiindcx 7 := (71, . . . ,7 m ) of length m, 
any z := {z x , ■ ■ ■ , z m ) e R m , and any integer j, let 2^z := (2 j ^Zi, . . . 2^ m z m ). 
The entries of a multiindex will always be integers, but they will be allowed to 
be negative in situations where negative entries make sense. The order of the 
multiindex 7 will be denoted I7I, is the sum of the entries, i.e., 71 + ■ • • + 7, n , 
and may be negative in some cases. 

As for the mapping S, it will be assumed that there exist multiindices a' 
and j3' of length n' and a" and f3" of length n" such that the limit of 

lim 2^"S{2- ia 'x' 1 2- ia "x",2-^'y') =: S p (x' 1 x", y') (2) 

as j — » 00 exists and is a smooth function of x' , x" , and y' which does not 
vanish identically (note that, given a smooth mapping 5, there is always at 
least one choice of multiindices so that this condition holds). Furthermore, it 
will be assumed that /3" > a" for i = 1, . . . , n". The assumption on a" and (3" 
will together with © be referred to as the homogeneity conditions. 

As with the variable x, the multiindices a and f3 of length n will represent 
(a' , a") and (/?', ft") respectively. Although the mapping S exhibits a weak sort 
of homogeneity, the second of the homogeneity conditions guarantees, in fact, 
that the averaging operator |T]) is not homogeneous. For this reason, it turns 
out that there is more than one family of dilations that come into play in the 
study of |T]). To simplify the proofs somewhat, it will also be convenient to 
define a to represent (a',/3"). 

The main nondegeneracy condition to be used is stated as follows: for each 
pair (x, y') in the support of the cutoff ip in ([I]) and each 77" S R" \ {0}, consider 
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the n' x n' mixed Hessian matrix H p whose (i, j)-entry is given by 



H?{x',x",y>, V ") := ^ (,/' • x" , y')) . (3) 

Throughout the paper, it will be assumed that there is a positive integer r > 
such that, at each point (x',x",y') 7^ (0,0,0) and for each 77" 7^ 0, the matrix 
H p {x', x", y', rj") has rank at least r. This condition is very closely related 
to the condition of nonvanishing rotational curvature of Phong and Stein |10j , 
however, even when r is maximal, the operators ([I]) can and generally do 
have vanishing rotational curvature at the origin. When r < ml the rotational 
curvature may actually vanish at every point. 

Theorem 1. Suppose that the operator ^ satisfies the homogeneity conditions 
and that the mixed Hessian ([3]) has rank at least r at every (x, y', rj") ^ (0, 0, 0). 
If the support of ip is sufficiently near the origin and ^tt > then T maps 

L p (R n ) to L 9 (K n ) provided that the following inequalities are satisfied: 

\(3'\ + \f3"\ \a'\ + \(3"\ 



p q 

1 1 
- + - - 1 

p q 



< \n (4) 



<p q, 

Additionally, T maps IP to L q if either one of the inequalities ^ or ^ are 
replaced with equality. If both inequalities are replaced with equality, then T is of 
restricted weak-type (p,q). The Riesz diagram corresponding to these estimates 
is shown in figure [7J 

In the event that ^7 < ^t^tt > then the condition ([5]) excludes the possibil- 
ity of equality in condition ((4}. Both (j4|) and (JSJ) are "optimal," but in varying 
senses. In the case of the former, any operator satisfying the homogeneity con- 
dition is unbounded from IP to L« if l/3 ' l + l/3 " 1 - |a ' l + l/3 " 1 > \f3'\. For the latter, 
there exists an operator satisfying the rank condition for which ([5]) cannot hold 
when (p, q) satisfy the reverse inequality. 

Theorem 2. Suppose that T satisfies the rank and homogeneity conditions and 
nF ^ W>T ( an d the support of iff is sufficiently near the origin). Then the 
operator T maps the space L p (W l ) to the Sobolev space L p s (R n ) (s > 0) provided 
that the following two conditions are satisfied: 

smaxK, . . . , < M + \[3'\ - ~) , (6) 

(7) 
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Figure 1: Riesz diagram corresponding to the estimates proved for T (the shaded 
area) in the case when ^ > KJ^Jj 9 ^ . Restricted weak- type inequalities are 
obtained at the nontrivial vertices (marked by circles). 



Just like the constraint the inequality ([S]) is necessarily satisfied by any 
operator satisfying the hypotheses of theorem [2] Another interesting feature 
of theorems Q] and [2] is that the homogeneity condition and the rank condition 
on the Hessian are decoupled, in the sense that each of the constraints ([4])-([7]) 
depends (quantitatively, at least) on only one of the two assumptions made of 
T. A consequence of this is that when is large, the L p -L q boundedness of 
T near the line of duality i + i = 1 as well as the L p -L v s boundedness for p near 
2 are almost completely insensitive to the condition on the rank of the Hessian. 
This pheonomenon was observed by Greenleaf, Pramanik, and Tang [5] in the 
context of oscillatory integral operators (this is the "low-hanging fruit"). 

It is of particular interest, then, to make a statement quantifying the strength 
of the rank assumption on the mixed Hessian ([3]). For some particular combi- 
nations of a', a", 0', and /?", there may not, in fact, be any operators satisfying 
the homogeneity condition because S is assumed to be smooth. For this reason, 
it will not be possible to make a meaningful statment valid for every possible 
combination of multiindices. To rectify, the multiindices a',/3' and a" will be 
considered fixed, and a "positive fraction" of the choices of f3" will be examined. 
There are a variety of ways to formulate this concept; here a set of multiindices 
E of length n" will be said to have lower density e provided that 

liminf #{f>"eE\%<N*=l,...,n»} > 
Let h- a ,p be the space of all n"-tuples of real polynomials (pi, . . . ,p n ") in the 
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variables x',y', and x" (for x',y' £ M" and a;" £ R n ) such that 

Pl (V a ' V ',2**" 'x" \2>P V) = 2ft" Pi (x',x",y') 

for each integer j and / = l,...,n"; suppose further that A"-' 3 is given the 
topology of a real, finite-dimensional vector space. Each element (pi, . . . ,£>n') 
naturally induces an operator of the form ([TJ) which satisfies the homogeneity 
condition. The strength of the condition ([3]) can now be quantified as follows: 

Theorem 3. Fix a', a", and f3' . Let K\ be the least common multiple of the 
entries of a', a" and f3' ; let K2 be the number of distinct values (modulo K%) 
taken by the sum + f3'j for i,j — 1, . . . , n' . Then for any f3" in some set of 

lower density K^ n , the operators ([T]) corresponding to the polynomials A Q( g 
generically satisfy the rank condition provided 

r<n'- •\/(l-^ 1 )(n') 2 + 2n. 

In the context of averages over hypersurfaces with isotropic homogeneity 
(taking the entries of a', a", and 0' to equal one, corresponding to the case n x — 
nz in the work of Greenleaf, Pramanik, and Tang [S]), a generic mixed Hessian 
^ has everywhere (exept the origin) rank at least n' — 1 — \/2n' + 2, and the 
hypotheses of the theorems [T] and are satisfied for any choice of f3" > 3 when 
n' > 25. On the opposite extreme, a rank one condition holds provided that 
n" < " ^" 2 ~ 4 ' > (an extremely large codimension, similar to those encountered by 
Cuccagna [3] and well beyond the range of nonvanishing rotational curvature) 
and theorems [T] and [2] hold with r = 1 for all multiindices @" satisfying |/3"| > 
(n') 2 K -4). 



1 Preliminaries 

To begin, a few comments about homogeneity are necessary. Given multiindices 
a', a", and a smooth function / defined on a neighborhood of the origin in 
R 2n + " (as a function of x',x", and y') will be called nearly homogeneous of 
degree I > if 

lim 2^/(2-^,2-^7) =: f P (x',x",y') (8) 

j—>oo 

exists as j —> 00 for every x',x", and y' and is nonzero at some point (the 
limit function f p will be called the principal part of /). In fact, given any 
smooth function / not vanishing to infinite order at the origin, there is a unique 
nonnegative integer I such that / is nearly homogeneous of degree I, the limit j8]) 
must be uniform on compact sets, and the prinicpal part must be a polynomial. 
Furthermore, for any multiindex 7 of length n and any multiindex S of length 



j^co (dx)f(dy' 5 ' y> (dx)~t(dy' 
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(where a ■ 7 = Y^i=i a ili anc ^ likewise for 5 ■ (3') with uniform convergence on 
compact sets. These assertions all follow directly from Taylor's theorem with 
remainder by regrouping terms according to homogeneity degree (with respect 
to a', a" , and /?'); the proofs are very classical and will not be given here. 

1.1 Remarks on the dual operator T* 

The next item to be explored is the nature of the operator T* which is dual 
to H|). For fixed x' and y', let $ x >, y >(x") := x" + S(x',x",y'). To express the 
operator T* as an integral operator, it is necessary to invert the mapping <& x t y i. 
To that end, consider the derivative of Si with respect to x'l- The function 
Si is nearly homogeneous of degree /3" by assumption; therefore © guarantees 
that the derivative d x »Si{x,y') vanishes at the origin whenever /3" > a' fe '. Since 
j3" > a" for each i, it follows that the Jacobian matrix of $0,0 (%") a t x " = 
is upper triangluar with ones along the diagonal (after a suitable permutation 
of the rows and columns). As a result, the inverse function theorem guarantees 
the existence of a smooth inverse to <& x ',y' near x" — for all sufficiently small 
x' and y' . It follows that the operator dual operator T* may be written as 

T*g(y',y") = J g(x',y" - S(x\ S",^ (y"), y'))^{x' ,y)dx' 

for a new cutoff ip equal to the old cutoff ip divided by the absolute value of the 
Jacobian determinant of <& x i ty i. 

The next step is to compute the principal part of the dual mapping S* 
defined by S*(y',y", x') := -S(x', <&~\,{y"), y')- To do so, consider yet another 
important consequence of the assumption f3" > a": 

lim 2^--V, 2 -^y (2- JQ V) = x" (10) 

with uniform convergence on compact sets. Furthermore, for any R > 0, the 
inverse function theorem provides a uniform constant Cr such that 

\x"\ < C R \V a "^ ]a , x , a ^ yl (2-^"x")\ (11) 

uniform in j, valid for all x" such that the right-hand side is itself bounded by 
RCr. It therefore must be the case that 

lim 2 jV '$- 1 . , , ,(2- ja "y") = y" 

(since ([TO guarantees that the sequence on the left-hand side is bounded, and 
the uniformity of (|10[) shows that any convergent subsequence must have limit 
y"). Consequently, if S satisfies the homogeneity condition and has principal 
part S p (x', x" , y'), then S*(x' ,y" ,y') satsifies the homogeneity condition with 
x' scaled by a', y' by (3' , and y" by a" with principal part —S p (x\ y", y'). Thus 
if H]) has a mixed Hessian ([3]) with rank at least r near the origin, then so does 
T*. This fact will be used later to simplify the proof of theorem [2J 
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1.2 Main tools 



Now comes the time to prove the main tools which power the arguments neces- 
sary for theorems Q] and O To simplify matters, fix, once and for all, a smooth 
function ip on the real line which is supported on [—2,2], identically one on 
[—1,1], and monotone on [0,oo) and (— oo,0]. 

The first order of business is the integration-by-parts lemma. The key idea 
of the method of stationary phase is that the main contributions to an oscil- 
latory integral occur where the gradient of the phase is "small." While there 
is an intrinsic way of stating that the gradient of the phase vanishes, there is 
(unfortunately) no coordinate-independent way of quantifying "smallness." The 
answer, then, is to be explicit about the coordinates being used, and to change 
those coordinates whenever it is necessary and proper to do so. 

This changing of coordinate systems is captured here by what will be called 
scales. More precisely: a scale S on M. d will be any multiindex of length d with 
entries in Z. A vector v £ M. d will have length relative to S given by 



\v\ s 




(the term "scale" was chosen because S implicitly induces a rescaling of the 
standard coordinate system via this formula). Likewise, the derivative dl~ (for 
some standard multiindex 7) is meant to represent the derivative 



_d_ 

dfd 



id 



(where the standard coordinates are here labelled t\, . 
the integration-by-parts lemma is stated as follows: 



,td). In this notation, 



Lemma 1. Let $ be any real-valued, C°° function defined on some open subset 
of M. d , and let tp be a C°° function compactly supported in the domain of <f>. 
Then for any positive integer N, there exists a constant Cn such that 



(p(t)dt 



< C 



N 



£"1=0 

(l + e\V$(t)\s) N 



1 



l-yh 



l + e|V$(*)|s 



dt, (12) 



where S is any scale and < e < 1 . 

Proof. Consider the following integral on R d+1 : 



In 



e <(-*ro*.+*W) Wj ( to ) ¥J ( t ) dto(ft . 



There is at least one value of a S (0, 1) depending only on ip , there exists a 
constant C a 7^ such that C" 1 /^ is precisely the value of the integral to be 
computed. Let such an a be fixed once and for all. Let t :— (to,t±, . . . ,td), 
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and likewise let <£>(£) and (p{t) represent the phase and amplitude, respectively, 
appearing in the integral defining I a . 

Let k be any nonnegative integer, let I be an integer such that 2~ l < 2wa < 
2~ l+1 , and let S be the scale on R d+1 given by (l,Si — k, . . . ,S n — k). Now 
consider the following differential operator on R d+1 : 

m := Miji, 

i|V$(t)|| 

Since a ^ 0, the operator Lg is well-defined because the denominator is nonzero. 
The standard integration-by-parts argument dictates that 

for each integer N > 0, where L 1 ^ is the adjoint of Lg. Now an elementary 
induction on the Leibnitz rule gives that, for each N, there is a constant Cjv 
depending on N (and the dimension d) such that 

At this point, several simplifications are in order. First, observe that |V$(f)|j = 
2 2 '47r 2 a 2 + 2- 2fe |V$(t)| 2 > 1 + 2- 2fe |V$(t)| 2 . Next, 

TV TV AT 

E I^WI = E 2- fc i-^i|as*(*)| < 2- 2fc e 

| 7 |=2 | 7 |=2 | 7 |=2 

(where 7 represents a multiindex of length d+ 1 on the left-hand side and length 
d in the middle and on the right) because $(f ) differs from <!>(£) by a linear term. 
Finally, 

N N 

E \dim<c NX[ ^ 2] {tv) e i^Vwi 

| 7 '|=0 | 7 '|=0 

again by the Leibnitz rule and the compact support of <pq. Combining these 
three observations with the inequality (| 1 3[) and performing the (trivial) integral 
over to first gives (fT2"|) if fc is chosen so that 2~ k < e < 2~ k+1 . □ 

The second idea to be used repeatedly throughout all that follows is con- 
tained in the proposition below. In simplest terms, the result is that the integral 
of certain simple ratios (which appear will appear frequently) can be estimated 
by removing appropriate terms from the denominator and multiplying by an 
appropriate factor of two coming from the scale: 
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Proposition 1. For any multiindex 7 and any positive integer N sufficiently 
large (depending only on 7 and the dimension), there is a constant CV i7 such 
that 

| t 7| 2 -| S |-T- 5 



/ 



dt<C N , ^_, N . , , (14) 



M+|f|s) w " ^ V '>|^-M 
/or any scaZe 5 and any reaZ r. 

Proof. The inequality (|14[) follows immediately from a change of variables. 
Changing ti 1— > |r|2 _,Si for i = 1, . . . , d, the desired integral is equal to 

2 -|5|-7-5| \h\+d-N f P\ 

M 7(1 + 1*1)" ' 

and this new integral is clearly finite when N > \~f \ + d. □ 
1.3 Fractional differentiation 

An essential component of theorem [2j Here it will be useful to develop non- 
isotropic versions of the standard Bessel potentials (found, for example in Stein 
p"7]). Since the operator |T]) is not actually homogeneous, however, there will 
be more than one natural choice of scaling to use in defining the nonisotropic 
Bessel potentials; not only that, it will be necessary to make certain estimates 
of these Bessel potentials using conflicting families of dilations. For this reason, 
it is worthwile to proceed in nearly complete generality and work with a large 
family of potentials. 

Recalling the fixed function tpo on the real line, let </?n(£) := TYi=i Vo(£») 
(clearly £ £ M"). Given any multiindex 7 (with strictly positive entries) and 
any complex number s satisfying Re s > 0, consider the tempered distribution 

whose Fourier transform is given by 



00 

( J*) A (£) := m (0 + ^ [ Vn (2-^0 - M^~ lh 0\ ■ (15) 
i=i 

Note that when s is real, (J^) A (^) is nonnegative for all £ by the monotonicity 
conditions on ipo . A function / on R™ will be said to belong to the space 
LJ )7 (R n ) provided that ||J« * /|| p < 00. When s is real, 7 = 1 := (1, . . . , 1) 
and 1 < p < 00, the Calderon-Zygmund theory of singular integrals guarantees 
that the space L p s 7 (M n ) is the usual Sobolev space. More generally, the space 
IP S 7 (R n ) can be thought of as the space of functions which are differentiable 
to order s/ji in the i-th coordinate direction. It also follows that d l f G L p , 
1 < p < 00, provided that I ■ 7 < s. 

As there are various scalings to be exploited in the proofs to follow, it is 
necessary to record the behavior of the distribution when it is restricted to a 
box which has a potentially different scaling S (that is, a box with side lengths 
approximately 2~ 5i for i = 1, . . . , n). For this reason, consider the distribution 
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obtained from multiplying J* by the Schwartz function <pn(2 s x). The resulting 
distribution will be called Jj\s', its Fourier transform is given by the convolution 



(16) 



Now ip n (2- j it;) - (^ n (2 _( ^ 1)7 C) = when 1 2-^*^1 > 1 for some any value 
of i. It follows that on the support of pn(2~ 5 ' 7 f) - <£n(2~ (j '~ 1)7 £)> 2 Rcsj < 
(||6l) Res/7< - Hence it follows that 

n 

i(j 7 s ) a (oi<i+E 2 ^i^i^' 



Inserting this inequality into (JTHJ) gives that 

(o <2-i 5 i / i^ n (2- 5 (e-77))i i + E 2 " 



Now when Res > 0, 2- Rcs /^|^| Rcs / 7 > < |&| Res /7* + \ Vt 
is that there exists a constant C independent of 5 and Im s such that 



dry. 



, £.|Re S /7i ; the result 



< C 2 



EI6 



The same procedure yields the more general family of inequalities 



^(j?I,) a (o 



< C 2 



Rcs-f 



/I 

ERc 



(17) 



i=l 



where, again, the constant does not depend on S or Ims. This inequality will 
be indispensible in applying the integration-by-parts lemma in the presence of 
a fractional differentiation which is not of the same sort of scaling as the rest of 
the integral. 

The standard arguments appearing in the theory of regular homogeneous 
distributions guarantee that J^ — J^\s is a C°° function which is, in fact, of rapid 
decay. Let Aj(x) be the inverse Fourier transform of the difference (pn(2 _J7 f ). 
The usual integration- by-parts arguments require that, for each positive integer 
N, there exists a constant C such that A (x)| < CV,;(1 + M^) -1 - Rescaling, 
it follows that 

for the same constant Cn- Let ^ be defined for any two multiindices S and 7 of 
the same length to equal the maximum value of ^j- as i ranges over all entries. 
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Now for any multiindices S and 7, 



X 6 ■-- 



X, 



\i=l 
< 2(T- J ') mini T< 



E 



2 (^-j) 7s 2 J7 - 



2\ 2 



provided j > |. Therefore, taking the inverse Fourier transform of the right- 
hand side (fT5|) and integrating over the set of x's where |a;|,5 > \ gives that 



J 7 J 7l,5 



Choosing AT sufficiently large guarantees that 



< a 



7, Re s z 



yRes-f 



(18) 



for all 1 < p < 00, uniform in Ims and <5. When no confusion will arise, the 
convolution operators corresponding to convolution with J* and J^\s will simply 
be written as J* and J^\s (i.e., the star will be supressed). 

1.4 Main decomposition 

The time has now come to describe the decomposition of the operator (JT|) which 
will be used to prove theorems [1] and [51 The first step, as is easily imag- 
ined, is to decompose the support of the operator (TTJ) away from the origin 
(x', x" , y') — (0, 0, 0) in a way that is consistent with the scalings of the homo- 
geneity condition. Given an amplitude ip supported near the origin, fix some 
smooth function ip on K™ x M™ x R™ which is identically one on the support 
of ip and is itself compactly supported. Now let 

i>j(x,y') := iP(x,y')(ip(2^x,2^'y') - <p(2^ a x, 2^+^'y')) 

and consider the following two families of operators: 

Tjf(x) := J f(y\x" + S(x,y'))^(x,y'W, 

/OO 
f(y', x" + S(x, y'))iP(x, y'M^ a x, 2^'y')dy' = ]T T 3 f(x). 

1=3 

Clearly T = J^JLo^j suitably defined. For example, if f(y',y") is a Schwartz 
function on R n whose support is at a nonzero distance from the hyperplanc 
y' = 0, then Tf = ^2j—o Tjf with convergence in the Schwartz space topology 
(and, in fact, only finitely many terms of the sum are nonzero). This is because 
the supports of Tjf and Ujf are contained in a box of side lengths comparable 
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to 2~^ ai for i = 1, . . . , n, and the supports in y' of the cutofffs for both operators 
are similarly restricted to a box of sides 2~ : > 13 ' for i = 1, . . . , n'. 

The operators Tj will be further decomposed (according to a new family of 
dilations which is potentially in conflict with the one already used). To that 
end, choose (p to be a smooth function of compact support on W 1 which is 
supported in the Euclidean ball of radius 1 and is identically one on the ball of 
radius \. Now for any nonnegative integers j, k, let 

(p jk fnz',o ■= [^-^"a-^-H-^'e)] m',n 

Observe that for fixed k, the operators Pjk exhibit a scaling symmetry consistent 
with the homogeneity condition, but that for fixed j, the scaling is isotropic 
(and, hence, potentially conflicting). Observe that |£"l-j/3" < 1 in the frequency 
support of Qj and 2 fe_1 < \C\-jfJ" < 2 fe+1 for Pj k , and that, for each j, the 
sum 

oo 

Qj + E p j* = 1 

k=0 

where / is the identity operator. As with the Tj's, this equation can be inter- 
preted as saying Qjf + J2jLo Pjkf = / f° r an Y Schwartz function / supported 
a finite distance away from the hyperplane y' = 0. In this case, the convergence 
is in the Schwartz topology, and every term Qjf and Pjkf retains the property 
that it is supported away from y' = 0. 

The main decomposition of the operator T, then, will be the following sum 
over j and k: 

oo oo oo 

j=0 j=0 k=0 

At one point, it will also be necessary to use the summation-by-parts equality 

oo oo 

£m - ^oQo + £ UjiQj Qj-i). 

j=0 j=l 

In the a priori sense, this equality is valid because of the finite summation-by- 
parts formula 

N N 

£ TjQj = UqQq — Un+iQn + £ Uj(Qj — Qj-i) 

j=0 j = l 

coupled with the fact that Un+iQnI = for N sufficiently large when / is 
supported away from y' = 0. 

Lastly, each of these decompositions remains valid (i.e., is defined in the a 
priori sense) if a fractional differentiation operator is applied on one or both 
sides (though if is applied on the right, the test function / must be chosen 
so that J**f is supported away from y' = rather than / itself). 



12 



2 "Trivial" inequalities 

This section contains the proofs of a variety of inequalities typically referred 
to as "size" or "trivial" inequalities, the reason being that the proofs of these 
inequalities typically do not depend on the geometry of S in any real way, 
only on the size of the support of the cutoffs involed. Of course, when fractional 
differentiations are added to the mix (as will be done shortly), oscillatory integral 
estimates and integration-by-parts arugments like lemma [T] are necessary to 
establish even the trivial inequalities. 

Before making this addition, though, it is necessary and worthwile to make 
a series of straightforward estimates which are not especially subtle in any way. 
In light of the decomposition (fTS)) . the indices j and k will be fixed from this 
point and through the next several sections to refer exclusively to the indices of 
summation in (119)) . Moreover, the following notation is adopted: the expression 
A < B will mean that there exists a constant C such that, for all j, k > 0, 
A < CB (and so A < B is only meaningful if one or both sides depend on either 
j or k) . If the expression A or B includes a fractional integration, the expression 
A < B mean that A < CB uniformly in j, k, and the imaginary parts of any 
fractional integration exponents. 

With this notational device in hand, the first and most basic set of inequal- 
ities to establish is the following: 

lim-||i^i<2-^'l (20) 

ll^||i^i<2-^'l, (21) 

||r i Q j || 00 ^ 00 <2-^'l, (22) 

\\T j P jk \\ 00 ^ 00 <2-^'\, (23) 

l|7}Q J Hi^oo<2^"l, (24) 

\\T j P jk \\ 1 ^ 00 <2^"\+ kn ". (25) 

The unifying theme of these inequalities is that they are proved fairly directly 
from estimates of the size of the support of the amplitude tpj appearing in the 
definition oiTj. In fact, 



\Tjf(x)\dx< II \f(y',x" + S(x,y')\\i> j (x,y')\dy'dx 

\f(y',x")\dx") su V \^(x,y')\dx'dy' < 2'^ 



< 



since 2 ^ a ' represents the size of the support of sup x „ \ipj(x, y')\ in x' (for fixed 
y'). Similar reasoning gives that HTjUoo-^oo 2~ J I^'I. The Littlewood-Payley- 
type projections Qj and Pj k are uniformly bounded on L p for all p (since each 
Qj can be appropriately rescaled to Qq and each Pjk to -Poo); thus (f2"0"|) - ([2"3")) 
follow. 
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The main observation behind the L 1 -L°° inequality is that Fubini's theorem 
guarantees that the following inequalities hold uniformly in j and k: 

\\Qj\\L^L\L°1, <2^" 1 , 
y y 

\\Pjk\\L^ t L % <^ +kn "- 
y y 

The justification for these estimates is that both Qj and Pjk can be expressed as 
a convolution with a measure of smooth density on the hyperplane x' — 0. The 
density is bounded by a constant times 2^ ' in the former case and 2^ l +fe ™ 
in the latter, which can be seen by simply rescaling the operators Qj and Pjk 
to coincide with Qq and Poo a s before. From these facts and the definition of 
Tj, however, 

\TjP jk f(x)\ < 2^"\+ kn " f \M*,V')\ I \f(y',y")\dy"dy' < 2^"+ to "||/|| 1 
(and likewise for TjQj). 

2.1 Fractional differentiation and L°°-Lp,BMO% bounds 

In order to prove theorem [21 it is absolutely essential to prove generalizations 
of (|2Tj) and ((22)) in the presence of fractional derivative operators (and (|20j) and 
(|2"Tj) as well, but these are readily obtained from what is known about the dual 
operator T*). Moreover, to obtain a range of sharp results, it is necessary here 
just as in the work of Christ, Nagel, Stein, and Wainger [2] to be able to sum 
the corresponding estimates in a critical case (here, when there is no decay in 
j of the norms of the individual terms). For this reason, stating the inequality 
as an L 1 -L 1 or L°°-L°° bound is unsatsifactory; even the Calderon-Zygmund 
weak-(l, 1) bound is unsuccessful here (unlike in [5j) because its proof requires 
that a separate LP-LP has already been established. In general, the operators 
here are expected to be bounded on LP for a single value of p in the critical case 
(because the rate of decay varies as p varies unlike the translation-invariant case 
in which it is constant). 

The solution is to directly prove a BMO-type inequality and appeal to an- 
alytic interpolation. In this case, the operators in question may not even be 
bounded from L°° to BMO, but they are bounded from L°° to a mixed-norm 
space involving L°° and a nonisotropic version of BMO. The space will be desig- 
nated L^,BMO", , and is defined to be the space of functions / for which there 
exists a constant Cj such that, for almost every x" and any box B on W 1 with 
side lengths 2 S < for i = 1, . . . , n' (s € M), 

w\ L if{x) - </>s <*" idx> ~ ° f 

where (/} B x „ := ^gj J B f(x', x")dx' . The inequality to be proved in this section, 
then, is that when Resi,Resi? > and ResL— + Res/j— = \/3'\, then for 
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every fixed e > 0, 



< 1, (26) 

L=°^L^,BMO™', 
L°°^>L< x - ll BMO°'', 

uniformly in k, Imsi and ImsR (recall that ^ := max^ 

To prove (f2l))) and (f2"T)) , it is first necessary to revisit the "trivial" inequalities 
in the presence of fractional differentiation, as well as to introduce several new 
inequalities: 

1 1 J'f^Qj-J" Hoopoe < 1, (28) 
IIJ^T^J^IU^ < 2 fe ( Res ^+ Re ^^), (29) 
\\J%(.dL ia >) l TiQiJ%\\°a^o < 1, (30) 
ll^^v-JbiJTiPifcJ'SlU-oo < 2 k ^ cs ^ +Kcs ^\ (31) 
II^Qi^lL^,^, <2- J 'l a,| 5 (32) 
\\J%TjPjkJ%\\oo^,Li, < 2 -^ +k ^ s ^ +Rcs ^\ (33) 

/JI - 3!" a:' 

where (d'_j a ,) 1 represents a scaled, mixed derivative in only the single-primed 
directions (i.e., not in the double- primed directions). The proofs of these in- 
equalities are virtually identical because it will not be necessary to use the fact 
that Pjk is cutoff away from small frequencies, which is the main qualitative 
feature distinguishing it from Qj. For this reason, the attention will be focused 
primarily on f29]l. f3l]). and pS]). In what follows, for the proofs of (|28]l . ([30]) . 
and (f3"2"| , simply fix k = 0. 

By (fT8|) . it suffices to prove a modified form of (f28|) - (f33]) . Specifically, it 
suffices to replace J*£ by J*£\ j&+kl and by J*%\jp +kl ; this is true by 
virtue of the identity 

J 1 L l f = J 7i I ja+fel / + ~ J 7t I ja+kl) J ^ I ja + fcl f ^ 

(and likewise for J**) which is itself true because J® L | . 5+fel is the identity 
operator. Therefore, one may assume without loss of generality that differential 
inequalities of the form (JT7J) hold (which will be necessary to apply lemma [TJ. 

For convenience, let V jk f{x) := J*L\j &+k iTjPj k J*%\jp+kxf(x)- The func- 
tion Vjkf(x) is given by integration against a kernel Kj k (x,y), given by the 
expression 

J e 2^(t-( x - w )+ v '-{z'~y')+v''-(io>'+s(w,z')~y'')) (pik (^ ^ ^ z ')d(dr)dwdz' , (35) 
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J 7l, 



J 7H 



where the amplitude function ipjf. is equal to the product of several simpler 
pieces: the cutoff tl)j{w,z') from the definition of Tj] the cutoff in rj" arising 
from Pjk, which happens to be supported on the set where \rf\-jpn < 2 h+1 ; 
and finally, the Fourier transforms ( J*^ \j&+ki) A {Q and (J^\j/3+ki) A {v)- I n the 
case of (|3T)|) and (|3"Tj) . the amplitude that arises is slightly different. This time 
the amplitude is given by 

e -2W-sM {dl _. ai _ ki) i [ e W'-sK,')^. fe( ^ 7W;Z ' } ] (36) 

with the derivative acting on the w' variables only. This new amplitude can, 
of course, be expressed as a finite linear combination of scaled u/-derivatives 
of tfjk times a finite number of scaled u/-derivatives of rj" ■ S(w,z') (a simple 
integration-by-parts is all that is necessary to turn the derivative in x' to a 
derivative in it/). 

At this point, the main piece of information needed to apply lemma Q] is the 
scale S to be used. To that end, choose scale —jot 1 — fcl in the w' variable, 
ja' + fcl in the £' variable, and —j/3' — fcl and j/3' + fcl, respectively, in z' and 
■q' . In the remaining directions, the scales chosen are jj3" + fcl in £" and rj" 
and —j/3" — fcl in w". With respect to the chosen scale, all scaled derivatives 
of degree at least two of the phase 

V , w, := 2n (£.(x-w)+t/- (z' - y') + V " ■ (w" + S(w, z') - y")) 

are bounded uniformly in j and fc; that is, for all j, fc, |9g$ Xi!/ (^, 77, w, z')\ < Ci 
when \l\ > 2. This fact is a direct consequence of the uniform convergence of 
the scaled derivatives of S, as in (O , coupled with the fact that /3" > a" for all 
i. Likewise, the scaled derivatives of the cutoff ipjk are all uniformly bounded 
in j and fc (and the imaginary parts of sl and sr) by a constant times 

and supported where ^ 1, l z '|j/3' ^ 1 and I77" | — ^73"— fei < 1. Note that 

this fact is also true of the scaled derivatives of the amplitude ([36]) since the 
scaled derivatives of the phase 77" • S(w, z') are uniformly bounded. 

The magnitude of the scaled gradient of $ x ,y, on the other hand, is greater 
than some fixed constant (independent of j and fc) times 

2 k (\x' - w'\ ja , + \x" - w"y„ + \z' - y'y, + \w" + S(w,z) - y"\ jP „) 

+ 2- k (\C - VW ■ S(w, z?)\_ jaf + \rf + W z/V " ■ S(w, z')\-^) 
+ 2- k \{,"-v"-V w »v"-S(w,z')\^ „. 

Again, since the scaled derivates of rj" ■ S(w, z') are uniformly bounded, there 
is a constant Co independent of j and k such that the magnitude of the scaled 
gradent is greater than Cq times 

2 fe (|x' - w'\ ja , + \x" - t/j'V + V ~ y%P' + W + S(w, z) - y"\ j0 „) 

+ 2- k (\e\- ia , + w\- j0 > + \e - rf'\-iP») - co- 



Choose e < Cq 1 and apply the integration- by-parts argument of lemma [TJ The 
result is that the kernel Kjk(x,y) (modulo a multiplicative constant indepen- 
dent of j and k) is bounded from above by the integral over £,,r),w and z' 
(suitably cut-off in w' , z' and rj") of a fraction whose numerator is ([37]) and 
whose denominator is 

2 kN (\x' - w'\ ja , + \x" - «/V + W V%P> + W + S(w, z) - y"\ jf} „f 

+ 2- kN (\?\- ja , + \ff\_ jfl , + \e - v"\- j0 ") N + 1 

for any fixed positive integer N. To obtain the operator norm of Vjk on L°° , 
the kernel Kjk(x,y) must be integrated over y and the supremum over all x 
is taken. This integral can be estimated by using proposition [T] recursively: 
performing the y integral first, lemma [1] dictates that the L°° operator norm of 
Vjk is less than the integral over £,rj,w,z' (suitably cutoff in w', z' and rj") of 
a new fraction whose numerator is (|37[) times an additional factor of 2^1, but 
whose denominator is (modulo a multiplicative constant independent of j and 
k) 

2 kN *(\x'-w'\ ja ,+\x"-w"\ j0 „) N > 

+ 2- WV '(|?|_ ia , + \Tf\-jy + |e" - +1 

for N2 '■— N — n. Proposition [1] is repeated for the integrals over w, £, and 
if (in the process, the triangle inequality < |^ — r]i\ + \rji\ is used when 
the £" integral is encountered to make terms in the numerator match terms 
in the denominator). After these integrations are complete, the denominator 
is trivial (assuming that N was chosen sufficiently large). To conclude, the 
integrals over rj" and z' are estimated using the size of the support of ipjk in 
these directions. Collecting all the powers of 2 encountered in this way gives 
precisely the inequalities ([2"5]) - (p?Tj) . 

For the norm of Vjk as a mapping from L°° to L^L^.,, the kernel Kjk is 
integrated in x' and y and the supremum over x" is taken. Just as before, propo- 
sition [T] is applied recursively. This time the order of integration is y followed 
by x' , then w', £ and rj . After these steps, the denominator is again trivial, and 
the remaining integrals over w', z' and rj' are carried out by computing the size 
of the support of ipjk in these directions. Collecting powers of 2 as before gives 
precisely the same result as above with the addition of another factor of 2~ J I Q L 

In light of ([28|) -([33 | . the argument to establish (|26|) and (f27j) proceeds as 
follows. First observe that given any smooth function / on l n and any box 
B C M™ of side lengths 2* Q; for i — 1, . . . ,n' and some t 6 M, the following 
inequality holds: 



\B\ 



j B \f{x)-{f) B!X „\dx' <2rmn\ p 11/11^,^, ll/l|oo,|]2^ 



df 



The first two terms on the right-hand side follow from fairly straightforward 
applications of the triangle inequality. The latter perhaps requires more expla- 
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nation. The triangle inequality guarantees that 

\WSbJb 



1 



I/O*) - (/>B,x» W < 



\f(x',x")-f(y',x")\dx'dy', 



and the fundamental theorem of calculus allows one to estimate the difference 
\f(x',x") — f(y',x")\ in terms of the gradient: 



\f(x',x") - f(y',x")\ 



1 d 



-f(ex'+(l-e)y',x")d9 



< 



E/K-^l|(^) {0x'+{l-6)y',x") 

n 1 

< 2 V 2 tQ > 



For any bounded 5 , let / := J*£ (j2f =0 TjQ) J°*g. The inequalities J28]), ([30]) . 
and (f52"| give that 

1 « oo j n' 

nrr / |/(.x)-(/) B . ;E „|dx'<^mhJ2W- t )l«'l,l,^2^> 

J= o { i=l 

uniformly in t and ||<?||oo, of course. Summing in j and taking the supremum 
over B and x" gives (|2l)l) . If instead one takes / := [Y^^oTjPjkj J^g, 
the same reasoning gives that 



1 

W\ 



<^2 fc(ReS£ * +ReSR ^ ) min ^ 2^'- i )l Q 'l ! 1, ^ 2< t - J >*2' £ 



i=l 



which yields ([2T]) (in fact, it yields the slightly better inequality in which 2 ek is 
replaced by log(l + k)). 



3 L 2 -L 2 inequalities 

3.1 Orthogonality inequalities 

The goal of this section is to prove the necessary orthogonality inequalities for 
the operators TjQj and TjPjk on L 2 (K n ). As in the previous section, a number 
of slightly different inequalities are necessary, but the proofs of these inequalities 
are nearly indistinguishable. The precise statement of these inequalities goes as 
follows: Fix sl,7l, sr,jr and a positive integer M. Then for any positive 
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integers j% , j, k, if \j — j\ | is sufficiently large (independent of the choices of ji , j, 
and k) then 

\\P hk J%TjJ%P jk \\ 2 ^ 2 < 2- (k+ i+^ M (40) 

\\(Qh - Qj r / ./; ; ;f; / - Q^)\\^ 2 < 2-^ M . (4i) 

If, in addition, j is sufficiently large, then it is also true that 




JSLJ 1 - T SR Pi 



< 2- (k+ ^ M (42) 



2^2 

jM 



| |Q J« E/jJ** (Qj - Qj-i)|| 2 ^2 < 2"^ . (43) 

Heuristically speaking, these inequalities assert that Pj k effectively commutes 
with Tj and Qj — Qj-i likewise effectively commutes with Uj, so that, for fixed 
k, the terms of the decomposition (fT§|) are effectively mutually orthogonal. The 
advantage of this, of course, is that it is precisely what is needed to apply the 
Cotlar-Stein almost-orthogonality lemma to conclude that the operator norm 
on L 2 of the sum (for fixed k) is comparable to the supremum of the operator 
norms over j (which is an absolutely necessary element of the proof of theorem 

The proof to be given now is that of (|4"0")k all others are proved in a similar 
manner. Let Vjk := J^TjJ^Pj k . Conjugated by the Fourier transform, the 
operator Vj k has a kernel (on frequency space) given by 

Kjkfori) ■= I eM-^'- z '+^< w ''+ s M)) Vjk ^,r,,w,z')dwdz' 




where, as before, ipj k is supported where |V'l-i/3"-fci ^ 1> \ w \ja ^ 1, and 
\z'\jj3' < 1; additionally, 

\ Vjk (t,r),w,z')\ < 1 + 

V i=l 

Let j m :— max{ji,j}. To estimate the size of the kernel Kj k , a suitable 
scale S must be chosen. Choose scale — j m a' — for w' and —j m /3' — ^kl 
for z', then choose scale ~j m a" ~ ifcl for w" . The family of phases $£ tV (w, z') 
satisfies 

\V*t, n (w> z ')\s Z 2 -HW\-j m <x> + \r/\-i m p + \e - rf'\- im of) - Co2* 

for some constant Co independent of j, j% , and k (due to the uniform convergence 
of the scaled derivatives S as in ©). The quantity e\ := min^ (3" — a" is strictly 
positive; clearly if'\-j m a" > 2 eiJ "" i)"\-j m 0"- Now it must either be the 
case that \£"\-j m p" > 2 k or \rj"\_j m pn >2 k . If the former is true (which occurs 
when j m = jx), then \v"\-j m 0" < 2^^^\r,"\^ ]P » < 2~^ j - j ^ +k 1 where 
e 2 := min^f. On the other hand, if j m = j, then \C"\-j m P" < 2- e ^-^\ +k 
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(this is the case which occurs in (T4"2l and (|4"5)) ). By the triangle inequality, 
then, |£" — v"\-j m a" ^ 2 eiJm+ when |j — ji| is sufficiently large (for some 
bound uniform in j and k). It follows that, when \j — ji\ is sufficiently large, 
the scaled gradient of the phase satsifes the improved inequality 

\V$ i>n (w,z')\s >2-*(|ri-i m «' + \r/\-j m 0> + IS" - »?"|-i m a») + 2 eiJ - + i 

To compute the operator norm on L 1 associated to the kernel Kj^, apply 
lemma [JJ (and note that the scaled derivatives of ifjk with respect to w and z' 
are clearly bounded when the cutoff arises from the operators Tj or Uj), then 
integrate over £ and take the suprcmum over 77. As in the previous section, 
proposition [1] is applied to the integral in £. Next, the integrals in w and z' 
are estimated using the size of the support of ipjk- The fact that the scaled 
gradient of the phase has magnitude no smaller than a constant times 2 ei ^ m + ^ 
gives that the L 1 -operator norm is less than a constant times 2~ M i m ~ Mk for 
any fixed positive M by taking N sufficiently large in lemma [TJ 

The operator norm on L°° is computed in a completely analogous way, inte- 
grating over 77 and taking the supremum over £; the result is the same, i.e., the 
operator norm on L°° can be made smaller than 2~ M: > m ~ Mk provided \j — j\\ 
is sufficiently large. Finally, Riesz-Thorin interpolation gives (|4TH) . 

3.2 van der Corput inequalities 

In this section, the rank condition on the mixed Hessian ([3]) finally comes into 
play. Let r be the minimum value of the rank of ([3|) over (x',x",y') ^ (0,0,0) 
and 77" 7^ 0. The main inequalities to be proved in this section are that for j 
sufficiently large, for any sl,Jl, Sfl,7fl and any z satisfying Rez = " ' — 
KesL— — Re so — , it must be the case that 

W^'J^TiJ'^QiW^ <1 (44) 
\\V z J^T 3 J^P ]k \\ 2 ^ 2 < 2 -^+ fe ( Ros ^+ Rcs «^) (45) 

uniformly in j, fc, Ims^, Imsjj, and (of course) Imz. As before, the inequality 
(fi8)) and the identity (f34|) allow one to replace the fractional derivatives by 
J^\ja+ki and J^\j(3+ki (in the case of (|4*4"]l . take k = 0). Note that the 
condition that j be sufficiently large is the same as requiring that the cutoff tp 
of the operator (fTJ) is supported sufficiently near the origin, and so has no major 
effect on the potency of any of these inequalities. 

It is first necessary to further localize the cutoffs ipj(x, y'). To that end, let 
tpi,..., tp m be any finite partition of unity on the support of tpQ. Define 

T]f{x) := J f{y',x'' + S{x,y l ))^{x,y')^{V a x,Vf ) 'y')dy'. 

The inequalities (|44|) and ([45]) will be proved with Tj replaced by Tj for i — 
1, . . . , m, then summed over i to obtain the estimates originally desired. To 
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simplify notation, the index i will be supressed and it will simply be assumed 
that the cutoffs ipj are sufficiently localized around the points {2~ ja xo 1 y'o)- 
As is customary, the engine behind the proof is a TT* argument; that is, 
the operator norm on L 2 of the operator 

T Sl I T-( J 8r \ P-,\ 2 T* T Sl \ 

J ~fL\ja + kl 1 3\ J '7R\3f3+kl- r 3 k ) ± 3 ^ I jfi+fcl 

(and likewise for Qj) will be computed. Just as in the previous proofs, this op- 
erator is given by integration against a kernel Kjk(x, y) which is itself expressed 
as an oscillatory integral with phase <fr x ^ y (£,, i], v, w, z, v! , v') given by 

2tt(£ • (x - w) + rj ■ (z - y) + v' ■ v! + v" ■ (w" - z" + S{w, vl + v') - S(z, v'))) 

and amplitude (pjk(x, y, r\, ^, v, w, z, u', v') which is a product of these factors: 
vpj(w,u' + v') and tl>j(z,u') from the definition of Tj; {J^\j&+ki)^ {£) and 
{J~ti |ja+fei) A ( 7 7); finally |(J^| j j/3+fci) A (^)| 2 and the modulus squared of the cut- 
off arising from Pjk- 

Once again, lemma [T] will be the main computational tool once a suitable 
scale S is chosen. Choose scale — ja — kl for w and z and the dual scale ja + fcl 
for £ and r\. Choose j(3' + kl for v 1 and j(3" + kl for v" , and choose —j/3' — kl 
for v! and —j(3' for v 1 . The thing to notice about this choice of scale is that 
the derivatives in v' do not have a factor of 2~ k in the scale. In the language 
of lemma [TJ it is this special, asymmetric case which leads to operator van der 
Corput-type bounds for the kernel Kjk- Of course, this omission also means 
that one must take some extra care in analyzing the scaled derivatives of the 
phase. 

As before, one expects the scaled derivatives of order 2 or greater of the phase 
are uniformly bounded except for those various derivatives are taken exclusively 
in the v" and v' directions (since all other derivatives have enough factors of k 
to balance the fact that \v"\—jpn ~ 2 k ). As for these exceptional derivatives, the 
relevant portion of the phase is examined by breaking it into two pieces. The 
first is the difference v" ■ (S(w,u' + v') — S(w,v')). The fundamental theorem 
of calculus provides the identity 

v" ■ (S(w,u' + v') - S(w,v')) = 

r2*^ / {2- k V ")-2-^'^f 1 {w,9u l + v')d9; 
i=1 Jo d Vi 

it follows immediately from differentiating this equality that all scaled deriva- 
tives of v" ■ (S(w, u' + v') — S(w, v')) are bounded uniformly by a constant times 
\u'\j[j'+ki since w,u', and v' are restricted to be suitably small. The second 
piece to examine is v" ■ (w" — z" + S(w, v') — S(z, v')). Again, the fundamental 
theorem of calculus gives that the scaled derivative of this piece with respect to 
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v'l is simply equal to 



J'=l 70 



1/3" 5 . 



dx>>; 



■f (1 - 6»)z, i/)d6>+ 
>w + (1 - 6»)z, u')d0 



where the integrals in the V sum are uniformly bounded and the integrals in the 
I" sum tend to zero uniformly as j — > 00 (because of the uniform convergence 
((9]) in both cases and the fact that the entries of (3" strictly dominate those of 
a"). Similarly, the scaled derivative of this second piece with respect to v[ is 
equal to 

r 1 r) 2< ? 

V 2^'+ fe (w;, - 4) / 2-^' c V-V • jf-r-fiOw + (1 - 9)z,v')de+ 

V 2^"+' £ «, - / 2-^-^'"- fe i/" • -^^{Ow + (1 - u')d0. 

As before, the second integral tends uniformly to zero as j — > 00 by virtue of ([9]) 
and the domination of a" by j3" . The first integral is, in the limit, an average 
of the (/', i)-entry of the mixed Hessian matrix H p over points near some fixed 
point (x' , x'q , y , v ' ) (without loss of generality, one may localize in v" with a 
finite partition of unity as was already done for the physical variables). Fixing 
$2 := v" ■ {w" — z" + S(w, v') — S(z, v 1 )), the information just given about the 
derivatives of this second term may be written in matrix form as 



2^+ fcl <V$ 2 " 




' A 


B 


2i a 'd v , $2 




C 


D 



2 ja'+fcl ( y _ z tj 

2^"+ kl (w" - z") 



(46) 



where A has uniformly bounded entries, B tends uniformly to an n" x n" identity 
matrix, C tends uniformly to an integral of the rescaled Hessian matrix (|3|) , and 
D tends uniformly to zero. The rank condition on H p implies that there is 
an r x r submatrix of C which is invertible (with coeffiecients of the inverse 
bounded uniformly in j and k). For simplicity, assume that this submatrix lies 
in the first r rows and r columns of the full matrix C. For j sufficiently large, 
then, the matrix in (|46|) has an (r + n") x (r + n")-invertible submatrix (which 
must contain B). It follows that for some uniform constant C, 



iV^J^+fe! + |Vv#x, B |-i/J' > \w" - z"\ ofj „ +kl +Y. V<+k \< - 4 

2=1 

n 1 

-C\u'y /+kl -C ^<+ h \w' i -z' i \; 



i=r-\-l 
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furthermore, differentiating the identities for "S/ u "^ XtV and V v '& Xt y likewise gives 
that all scaled derivatives of the phase (of fixed order) are bounded uniformly 
by some constant times 1 + \u'\ jl3 , +kl + \W U "^x,y\jP"+ki + \Vv®x,y\-jP' + 
SiLr+i 2 JO!i+fe |u>- — z[\. The full scaled gradient, however, has magnitude at 
least 

2 k {\x' - W '\ ja , + \x" - w"\ 3fJ „ + \z' - y'\ ja , + \z" - y"\ jf3 „) 
+2- k (\^\- ja ' + \e ~ v"\-if>» + W\-ia> + W - 
+2 k \u'\,p, + 2~ Vl-j/3' + 2 fc |w" - z" + S(w, v') - S{z, v% fi >. 
+\\7 vl v"-[S(w,v')-S(z,v')]\- jf3 ,-C. 

Restrict attention for the moment to the situation in which \x[ — y[\ < 2~ k ~i ai 
for i = r + 1, . . . , n'. In this case 

V<+ k \w> - z[\ < 2^ +k \x' l - w[\ + y< +k \y[ -z[\ + l 

for i = r + 1 , . . . , n' . Thus if one decreases the scales of v" and v' to equal 
j/3" + (fc — m)l for v" and — j(3' — ml, respectively, for some fixed m suitably 
large (independent of j and k and the imaginary parts of sl and sr), it follows 
that all scaled derivatives of the phase have magnitude at most 1 + | V^^yls 
(up to a uniform multiple) and that the magitude of the scaled gradient is at 
least 

2 k (\ x '- w'\ ja , + \ X " - «/v + V - y%«> + \ z " - y"M 
+2- k (\e\- ja , + \e v"u&» + Wise + W - v"Up") 

+2 fc |uV + 2~ Vl-j/3' + 2 V ~ AiP» + 2 V ~ z '\jc ~ C. 

Now apply lemma[T]and proposition [T] recursively as before. Since the oper- 
ator in question is self-adjoint, it suffices to compute its norm as a mapping on 
L 1 , meaning that the kernel Kj k should be integrated over x and the supremum 
should be taken over y. The integration over x, performed first, gives a factor 
of 2~i\ a \~ kn and reduces the denominator to 

2 k {\z'-y% a ,+\z"-y"\ ]P „) 
+2- fe (ia-,c + IC' - + W\-ja> + W A-iV") 

+2 k \u'\ ]fj , + 2~ Vl-,73' + 2 V " AVJ" + 2 V ~ z '\j«> + 1 

(taken to a suitably large power). Integration over w produces an additional 
factor of 2~i\ a \~ kn and eliminates the terms involving w on the last line. In- 
tegration over £ then over 77 both give factors of 2-^^- kn 2 RcSL ^ & ^ L+kl ^ L ^ 
(because of the growth of the cutoff fjk)- Integration in z gives yet another fac- 
tor of 2~-?H~ fe ". Over u', one gets an additional 2~ J I^ ^ kn . Integration over 
v (using the finite support in v") gives a factor of 2^+ kn 2 2RcSR ^ l3 ^ R + kl ^ R \ 
Lastly, the integral over v' gives a factor of 2~- J l' 3 I because of its finite support. 
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Altogether, this gives an operator norm less than some uniform constant times 

2-jRe*-fcn'+2fe(Re S£ i/ 7i +Re Sr i/7B) (recalling the condition on z). 

Recall, however, that this estimate is derived under the assumption that 
— y'i\ < 2~ k ~ : > a i for i = r + 1, . . . , n'. To acheive this condition, one must 

consider truncations of the form xiJ^TjPj^J^, where \i is a multiplication 

operator restricting Xi to a suitably small interval. Now 



E 



v, T SL T P l. t sr 



< 




by orthogonality of the truncated operators (because the truncation can, of 
course, be performed in a locally finite way). The sum over I has at most 
(j2 k (n'-r) terms, yielding the estimates (gU) and (1431) . 



3.3 Application of the Cotlar-Stein lemma 

At this point, the inequalities ([4"D)) - (p4"5]) can be combined with (|4"4")l and (|4"5|) to 



show that, when Res^jRes/j > and ^ 



Res L -^ 



Res R -£- = 0, 



3=0 



< 1, 



(47) 
(48) 



uniformly in k and Ims£ and Ithsr. 

The proof is simply an application of the Cotlar-Stein almost-orthogonality 
lemma. Let Rjk := J*£TjPjkJ~*. The Littlewood-Payley-type projections Pjk 
ensure that Rj^R*^ = when \jx — J2I is greater than some fixed constant 
(because the frequency supports are disjoint). On the other hand, 



H jik H 32k - R< 




' + E R jik P 33kRj 2 k 



By (|421) . the first term has operator norm at most equal to some constant 
times 2 -M " 1+j2+fe ) provided that ji and j'2 are sufficiently large (independent 
of fcjlmsi, and Ims^). Likewise, when \ji — j%\ is sufficiently large, each term 
in the sum has norm at most 2~ M ^ 1+: ' 3+k ^ by (|40[) . On the other hand, when 
\j2 — J3I is sufficiently large, the terms have norm at most 2~ M ^ 2 ^ : >' i+k \ In fact, 
when \ji — J2I is sufficiently large, both of the previous two cases must occur if 
either one occurs separately. Thus, for any value of J2, it must be the case that 



E \\ R hk R 32k\\2^2 + \ \R*j lk R 



•jfa fe ] 1 2 



^ 2 < 2 2fc ( Rc ^^+ Rcs «^: 



Ji=0 



24 



uniformly in j'2, k, and the imaginary parts of sl and sr. This gives (|48l) by 
the Cotlar-Stein lemma. 

The proof of ljT7)) proceeds in essentially the same manner after a (crucial) 
summation by parts. In particular, 

oo oo oo 

J=0 j=0 j=l 

Now the operator J^JJ Q Jsr j s clearly bounded on L 2 uniformly in the imag- 
inary parts of sl and sr (the argument does not differ from that of (|28p). Now 
let 

R j: ./:; : r,:g, o, ,;./:;:. 

As before, Rj 1 R* 2 = when |ji — j 2 \ is sufficiently large. But the identity 

oo 

R *h R h = RfrQoRja + 22 R ji(Qh - Qjs-l) R ja 

and the inequalities (|4Tj) and (|43|) guarantee that each term has operator norm 
rapidly decaying in both \ji and \j% — Js| when |ji — ja| is sufficiently large. 



4 Interpolation and summation 

4.1 L p — L 9 inequalities 

In this section, the inequalities (|2Q p -(|25 p and (|45p are combined to obtain the 
promised L p -improving estimates for the averaging operator |1| . The key is to 
establish the restricted weak-type estimates at the vertices of the appropriate 
polygon in the Riesz diagram, then interpolate with the Marcinkiewicz interpo- 
lation theorem. 

To begin, consider the operator . TjQj. Riesz-Thorin interpolation of (|20p 
and (|22p gives that TjQj is bounded on L p with an operator norm at most some 
fixed constant times 2~^° \/P~i\@ \/p where ^ + y — 1. Choose any such p, and 
for simplicity, let 9 := i Now for any two measurable sets E and F, 



« oo 

/ XF{x)^2T j Q jX E{x)dx 

J 3=0 



< 



C^nun{2-^l°'l + ( 1 - fl )l' s 'l)|£7| fl |J?| 1 - fl > 2*l' s "l|^||J , |} 

3=0 

by L p -boundedness of TjQj as well as L 1 — L°° boundcdness coming from 
Now there is a single value of j (call it jo and note that jo possibly negative 
and amost assuredly not an integer) for which the two terms appearing in the 
minimum on the right-hand side are equal. Away from this special value jo, 
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the minimum must decay geometrically with a ratio that is independent of \E\ 
and \F\. Therefore the sum of all terms with j > j is dominated by some 
constant times the size of the term with j = jo, and likewise for the terms 
with j < j . Solving the equation |£| 1 - e |ir|«2MI0' / l+0|«'l+(i-0)l/''l) = 1 and 
substituting gives that 



XF{x)^2T j Q j XE(x)da 
3=0 



8|a|+(i-fl)|is'| , eip"i 

< C \E\ 9|<S[ + (l-9)[/3| \F\ 8|al + (l-fl)|/3| , 



From here, varying € [0,1], using the Marcinkiewicz interpolation theorem, 
and doing some arithmetic give that • TjQj maps L p to provided that 

\AJ3 = m 



and 1 < p < q < oo. 

As for the operator 5Z 7 - fe TjPjk, the procedure is in principle the same. First 
of all, the inequalities (JUJ, (|23|) . and ljl5]l (with = s# = 0) give that 



/oo oo 
XfO) 51 T 3 P jkXE(x)da 
7, — n ^ — n 



fe=0 i=0 

OO OO 



< 



min{2 J l' 3 "l +fcn " |£7| |-F|, 2" J 'l a 'l |£7|, 2 

fe=0 j=0 



j l°'l+lg'l . , 

J 2 re : 



Now provided that 



> 



W\ 



there is a unique pair of real numbers jo 



and ko at which the expression being summed attains a maximum. See figure [2] 
for a schematic illustration of the regions on which the first, second, and third 
term of the minimum, respectively, is the minimum. Note that it is the condition 
on -^rr which guarantees that the level lines of the operator norms (i.e., the lines 
where j\(3"\ + kn" is constant in region I, j\a'\ in region II, and jlnltllLi _ 
in region III) form closed triangles. Now in each region, the operator norms 
decay geometrically as one moves away from (jo, ko). Furthermore, the number 
of terms of any fixed magnitude grows linearly with the distance from (jo, ko). 
Therefore, it is also true that the sum over all j and k is dominated by some 
constant times the value of the single term j = jo, k = ko- At this particular 
point, 

2 jo|a|+W| W _ l _ 2 j l°'l-l' 3 l -fc £|^,-i ,p,k_ 



solving gives j = |a|r+(K|- 

stituting gives 



+r)log 2 \F\ 
\(3>\)n" 



and ko = -laijofa 1^1+1/31 io 83 |F| gub _ 



» oo oo 

XF(x)J2J2T 1 P ]k XE 

fe=0 3=0 



fc=0 3=0 



•(x)d: 



<x 



| a In 

< C'\E\ 1_ ia|r+((o,'[-ifl"i)n" \p\ | 



|a'l(»"+r) 
r+(| Q '|-|fJ"|)n" 
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3 



Figure 2: The heavy lines indicate the regions in which one term is smaller than 
the other two; the finer lines indicate where the appropriate operator norm is 
constant. 

which gives precisely the vertex of the Riesz diagram circled in figure [1] and 
lying above the line ^ + - = 1. Performing the same procedure using (|23p for 
the second term instead of (f2Tj) gives the second nontrivial vertex in figure [T] 

4.2 Sobolev inequalities 

To begin, observe that it suffices to replace the constraint © by the a priori 
stronger constraint that 

smax{ai, . . .,a' n >,/3", . . -,(3",,} < ^ + |/3'| ^1 - ^ . 

Suppose that a 1 - > Fix t)q £ R" to have fc-th coordinate equal to 1 and 
all other coordinates equal to zero; it follows from @ and © that the matrix 
H p (x', x" , y' , t]q ) does not depend on x'y Now fix x' to have j'th coordinate 
equal to 1 and all others zero. The matrix H p (x' , 0, 0, t]q ) = H p (0, 0, 0, rj'^ ) 
must have rank r, so there must be distinct indicies l\, . . . , l r and mi, . . . , m r 
(again distinct) such that a', + (i' mi — (i'l and so on through a' lr + (3' mr = (3%. 

From this, it follows, however, that < — ■ . Thus, if there were an a[ 
greater than all entries of /3", the condition ^ > ^-p»r • could not hold. 

Modulo this small change, theorem [2] follows somewhat more directly than 
do the L p -L q inequalities. Theorem 4 in chapter IV, section 5.2 of Stein [18] 
is easily adapted to yield an analytic interpolation theorem for a an analytic 
family of operators R z where Ri T maps L 2 -L 2 (with operator norm bounded for 
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all rCl) and R\+i T maps L°° to L^,BMO™, . The key is to consider a partial 
sharp function of the form 



fHx',x") :=sup / \f(x',x")-{f) Bx „\dx' 

B 



where B ranges over all boxes in R n centered at x' with appropriately non- 
isotropic side lengths. The usual techniques (for example, a distributional in- 
equality relating the sharp function to the associated maximal operator) demon- 
strate that 

r \g(x',x")\ p dx' <C P [ \gHx\x")\Pdx' 



(for a.e. x") for some finite constant C p provided p < oo; and Fubini's theorem 
guarantees that the coercivity inequality < C'||/"|| p must hold for p < oo 
as well. The linearization technique found in Stein [18] now applies without 
further modification. The result is that, for any fixed 2 < p < oo and any real 
sl,s r , 1l,Jr for which 



\ct\ 
P 



sl- 



a 



1L 



SR- 



lR 



(taking sl and sr real) and any e > 0, 



JSL 



JSL 



TjQj 



J 1R 



jsr 

J 1R 



< OO 



< 2 



H.--+SL- 



uniformly in k. Fixing sr — 0, for example, it follows that the fractional 
differentiation J5£ applied to the sum (fT9|) (summed over j first, then k) con- 
verges in the strong operator topology provided that ^ > sl^- and where 

^y- + |/3' |(1 — ~) = Sl 2 ^. Taking jl — 1 gives boundedness of T from LP to 
L p s for p > 2 as stated in theorem [2j The inequalities for p < 2 are proved by 
duality: when sl = instead, fixing jr = 1 and + \f3'\(l — i) = Sfi-^j, and 
- > s»— give that T is bounded from L p „ to L p , so T* must map i p to Ut . 

P 7-R — ^ ^ 

Since T* satisfies all the same homogeneity and rank conditions (with the roles 
of a' and /3' suitably interchanged) , the portion of theorem [2] for p < 2 follows 
from this estimate just derived for dual operators T*. 



4.3 Necessity 

Necessity is shown by means of a Knapp-type example. Consider the condition 
([D) first. Let E s be a box in K" with side lengths 2^ i4 for i = 1, . . . , n, and let 
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F s be a box in R" with side lengths 2 ait (here t is, of course, real). Consider 
the integral 

XF t (x)TxE t (x)dx 

For all s sufficiently negative, the homogeneity conditions guarantee that the 
quantity XE s (y',x" + S(x,y')) is identically one provided that (x',x") € eE t 
and (y', x") <E eF t for some fixed constant e > (here eE t is the set E t scaled 
linearly and isotropically down by a factor of e). It follows that, when ip is 
greater than ^ near the origin, one has 



Ft (x)T XEt (x)dx > l e 2n'+n" 2 t(\ a >\+W'\+\0"\), 

and taking the limit as t — > — oo, it follows that 

can hold uniformly for all s only if ^ — ^ < (i.e., ([!]) must be satisfied for 
any appropriate choice of S) . 

As for condition ©, standard arguments give that, when T maps LP to 1P S 
for 1 < p < oo and s > 0, one has 

\\P?T\\ P ^ P <C P \- S 

uniformly in A, where 

(^/) A (0 = ^(A-^')/(0 

for any smooth ^ supported in [—2, —1] U [1, 2]; choose ip to be nonnegative as 
well. Now consider the integral 

{ p ^XF t ){x) j XE t (y',x" + S(x,y'))tp{x,y')dy'dx. 

Choosing A = e2~ t/3i for some fixed, small e, the function (P*XF t )(x) will 
be larger than some small constant e' times the characteristic function XF t (x) 
provided that \x"\ < 2 t/3i +1 (which is true of the support of TxE t when t is 
sufficiently negative). Thus, Sobolev boundedncss implies that 

e / 2 t(|a'| + |/3'| + l/3"l) < C '2* s #'2 l/3|/p+|5|(1-1/p) 

for all t < 0; letting t — > — oo and taking a supremum over i gives ©. 
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5 Genericity considerations 



Suppose M is an n! x n' matrix of rank r. Transposing the order of rows and 
columns as necessary, it may be assumed that M has the following block form: 



A 


B 


C 


D 



where A is an r x r invertible submatrix, and B, C, and D are rx (n' — r), (n' — 
r) x r, and (n' — r) x (n' — r) submatrices, respectively. The usual row-reduction 
arguments guarantee that D — CA~ l B = for the matrix M. Furthermore, 
this equation continues to be satisfied for all small perturbations of M which 
are also rank r matrices (where A,B,C,D are, of course, replaced by their 
perturbations). Suppose that A4 is some smooth mapping from a neighborhood 
of the origin in R k into the space of n' x n' matrices such that Mo (that is, the 
matrix to which the origin maps) is equal to M. The implicit function theorem, 
then, guarantees that the codimension (in K fc ) of the set of points near the origin 
mapping to a matrix of rank r is at least equal to the rank of the differential of 
M. at the origin minus n' 2 — (p! — r) 2 . 

Now let V l a , a „ p, be the space of polynomials p in x', x" and y' (as always, 
x', y' e M™' and x" G E n ") for which p(2 a ' ' x> ', 2 a " x" , 2 l3 'y / ) = 2 l p{x', x" , y'). For 
conveinence, the subscripts a' , a" , and (3' will be supressed as these multiindices 
are considered "fixed." Now given any multiindex j3" , consider the following 
mapping from V^ 1 x • ■ 

by 



x V fi ™" x K 2 ™ into the space of n' x n' matrices given 



(pi, . . . ,Pn",X,y',V") 



dx'^ 



x,y' fe=l 



(49) 



The goal is to compute the codimension in the space of "pairings" of polynomials 
and points, i.e., (pi, . . . ,p n ", x, y', rj"), of those whose mixed Hessian has rank 
r. In particular, if the codimension is large enough, then for a generic choice of 
polynomials (pi , . . . , p n >> ) there will be no point (aside from the origin) at which 
th mixed Hessian has low rank. 

To compute the rank of the differential of this map, it suffices by rescaling 
to assume that the coordinates of x',y',x" and rf' are cither or 1; and of 
course one may assume that rj" ^ and that at least one of x' , x", or 'y' is also 
nonzero. 

Let K\ be the least common multiple of all the entries of a', a" and /?'. Let 
A be the set of positive integers m which can be expressed as a sum m — a ■ + 
for some indices i and j. Now for any nonnegative integer k, 



K x divides l-a[- {3' 3 } = [n'f 
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Fixing K2 to be the cardinality of A, it follows that for at least one value of 
I € A + kKi, there are at least K^ x (n!) 2 pairs of indices for which K\ 

divides I — a\ — /3j (and therefore, a' m , 0' m and 0'^ divide this difference as well 
for all appropriate values of m). It will now be shown that the rank of the 
differential of (|4"9"| is at least equal to K2 (n') 2 provided that all the entries of 
0" are congruent to some element of A modulo K%. 

Suppose that f3" is as described, i.e., the entries of j3" are all congruent to 
some element of A modulo K\. Suppose that 77^ ^ 0. For any pair of indices 
such that — ol\ — [3j is divisible by k, it must be the case that there 

is a monomial in T , ^ k ° of the form xfx^y'p x" p x^y'j and y'fx^y'j for any indices 
/ and appropriate values of p in each case. If x[ happens to be nonzero, then 
differentiating the k^-th. polynomial of ([49]) in the direction of the monomial 
x T +1 y'j gi yes a matrix whose only nonzero entry is its (i,j)-entry. Likewise, if 
y'j is nonzero, differentiation in the direction of x^y'^ 1 gives a matrix with only 
the (i,j)-entry nonzero. Finally, if both x\ and y'j are zero, then differentiating 
in the direction of one of the remaining monomials x^x^yL x[' p x^y', or y'fx^y'j 
for which x\, x" or y[ is nonzero also gives a matrix with only the (i,j)-entry 
nonzero. 

It follows that the codimension of points in V^ 1 x • • ■ x V 13 ™" x M 2n which 
have mixed Hessians of rank r is at least (n' — r) 2 — (1 — i^ 2 _1 )(n') 2 provided 
that the entries of (3" satisfy the congruence condition. If this codimension is 
greater than 2n, then it follows from projecting onto the space V^ 1 x • • • x V^™" 
that such n"-tuples of polynomials generically have mixed Hessians with rank 
everywhere (except the origin) greater than r. Thus, whenever 

r<ri- y / (l-^ 1 )(n') 2 + 2n, 

the mixed Hessians ([3j> have rank everywhere equal to r or greater (except at 
the origin). 
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